This paper develops formulas for pricing caps and swaptions in LIBOR market models with jumps. The arbitrage-free dynamics of this class of models were characterized in Glasserman and Kou [9] in a framework allowing for very general jump processes. For computational purposes, it is convenient to model jump times as Poisson processes; however, the Poisson property is not preserved under the changes of measure commonly used to derive prices in the LIBOR market model framework. In particular, jumps cannot be Poisson under both a forward measure and the spot measure, and this complicates pricing. To develop pricing formulas, we approximate the dynamics of a forward rate or swap rate using a scalar jump-diffusion process with time-varying parameters. We develop an exact formula for the price of an option on this jump-diffusion through explicit inversion of a Fourier transform. We then use this formula to price caps and swaptions by choosing the parameters of the scalar diffusion to approximate the arbitrage-free dynamics of the underlying forward or swap rate. We apply this method to two classes of models: one in which the jumps in all forward rates are Poisson under the spot measure, and one in which the jumps in each forward rate are Poisson under its associated forward measure. Numerical examples demonstrate the accuracy of the approximations. *
Introduction
This paper develops formulas for pricing caps and swaptions in jump-diffusion LIBOR market models. The success of the original LIBOR market models and their extensions (including Brace, Gatarek, and Musiela [5] , Miltersen, Sandmann, and Sondermann [22] , Jamshidian [14] , Andersen and Andreasen [1] , Joshi and Rebonato [16] , and Zühlsdorff [25] ) is due in part to the availability of formulas and fast numerical methods for pricing caps and swaptions within this framework.
These are necessary for model calibration. The LIBOR market model framework was extended to include jumps in Glasserman and Kou [9] and, using a different approach, in Jamshidian [15] .
Glasserman and Kou [9] focus on characterizing the arbitrage-free dynamics of forward rates in the presence jumps. They identify a tractable subclass of models in which caplet prices are given through a blending of the formulas of Black [3] and Merton [20] , but they leave open the question of simultaneous pricing of swaptions and also the question of cap and swaption pricing for other specifications of the jump process. We take up these questions here.
Including jumps in a model of the LIBOR term structure introduces an issue not present in purely diffusive models: the most convenient model of jumps is a Poisson process, but the Poisson property is not preserved by the changes of measure (e.g., between the spot measure, the forward measure, and the swap measure) that lie at the heart of the market model framework. In formulating a model, one must choose the measure under which jumps will be Poisson. Glasserman and Kou [9] obtain a caplet formula by requiring that each LIBOR rate have Poisson jumps under its associated forward measure; we refer to this choice here as a forward Poisson (FP) specification. For other purposes, it may be desirable to have jumps in all forward LIBOR rates follow Poisson processes simultaneously under a single measure, so here we also consider cap and swaption prices in a spot Poisson (SP) specification that accomplishes this under the spot measure. The arbitrage-free dynamics of forward LIBOR under both specifications follow immediately from more general results in Glasserman and Kou [9] .
Because we consider cap and swaption prices in both the SP and FP specifications, we deal with four basic pricing problems. Our strategy for all four cases may be summarized as follows:
• Express the option (caplet or swaption) as an expectation involving only a single underlying rate (forward rate or swap rate) through appropriate choice of measure (forward measure or swap measure).
• Approximate the dynamics of the underlying rate under the chosen measure using a scalar jump-diffusion with time-varying parameters, Poisson jump times, and lognormal jump-size factors.
• Apply an extension of Merton's [20] formula to value an option on the approximating jumpdiffusion process.
We comment briefly on each of these steps. The first uses ideas now standard in the market model literature; we review these in Section 2. In the last step, the extension is needed to handle time-varying parameters. The approximating jump-diffusion process has the property that its logarithm has independent increments, and this lends itself to option pricing through Fourier transform inversion. We obtain an option pricing result by inverting the transform explicitly. This formula is the key to our cap and swaption approximations and is also of independent interest.
In the three-step strategy outlined above, only the second step involves approximations-the first and third are exact. To approximate a more general process (forward rate or swap rate) using a simpler jump-diffusion, we need, in each case, to choose the approximating drift, diffusion coefficient, Poisson arrival rate, and jump-size parameters. We do this by analzying the dynamics of forward rates and swap rates under the appropriate measures.
The rest of the paper is organized as follows. Section 2 reviews LIBOR market models and discusses derivatives pricing and changes of numeraire. Section 3 introduces an exact formula for the price of a European option on a particular type of jump-diffusion with time-varying coefficients.
Section 4 discusses general arbitrage restrictions on market models with jumps, and the dynamics under relevant pricing measures. In Section 5, we develop caplet and swaption formulas in the SP specification and support the method through numerical experiments. We treat the FP specification in Section 6. By construction, caplets are priced exactly in this setting, but we go beyond [9] in allowing for time-varying parameters. We derive a swaption approximation and support it through numerical results. Section 7 summarizes the models and formulas presented. All proofs are collected in the Appendix.
LIBOR Market Models and Derivatives
We consider LIBOR market models of the term structure, of the type developed by Brace, Gatarek, and Musiela [5] , Miltersen, Sandmann, and Sondermann [22] , and Jamshidian [14] . We take a discrete tenor structure-a finite set of dates 0 = T 0 < T 1 
The fixed accrual period δ is expressed as a fraction of a year; for instance, δ = 1/2 represents six months. Each tenor date T k is the maturity of a zero-coupon bond; B k (t) denotes the price of that bond at time t ∈ [0, T k ] and B k (T k ) ≡ 1. Forward LIBOR rates L 1 , . . . , L M may be defined from the bond prices by setting
Similarly, L 0 (0) is the rate for [0, 
Absence of arbitrage by trading in bonds is essentially equivalent to the existence of a numeraire M (t) and an associated measure under which discounted asset prices B j (t)/M (t) are martingales.
For a general class of payoffs, determined by the state of the set of forward rates at time T , the price C(0) of a contingent claim with payoff C(T ) becomes
the expectation taken with respect to the measure associated with numeraire M (t). There are several numeraires that have been shown to be convenient in the pricing of derivatives. The spot martingale measure P , introduced by Jamshidian [14] , uses a discretely compounded money market account as numeraire,
Under this measure, the price of a caplet with strike K, for the period [T n , T n+1 ], which pays
For pricing derivatives tied to just one forward rate (such as a caplet), it is often convenient to choose as numeraire a zero coupon bond maturing at the end of the accrual period associated with the forward rate. Thus, to price a claim contingent on L n , we take as numeraire the bond B n+1 .
Observe from (1) that
is the ratio of a portfolio of assets to B n+1 (t), so that under the measure associated with B n+1
as numeraire, L n (t) is a martingale. This in fact is why this particular choice of numeraire is convenient. The measure associated with this numeraire is usually called the forward measure
or terminal measure for maturity T n+1 ; see Musiela and Rutkowski [23] for background. Writing E P n+1 for expectation under this measure, we have
The nth caplet price is thus determined by the dynamics of L n under its associated forward measure.
Swaptions are also widely traded derivatives. A payer's swaption maturing at T n is an option to enter a fixed-for-floating swap between dates T n and T M +1 . If the option is exercised, the holder makes fixed payments δK and receives floating payments
where the swap rate S n,M is
The time-0 swaption price under the spot martingale measure is
but it is often convenient to change the pricing measure and take, as Jamshidian [14] did,
as numeraire, associated to the measure P n,M . This leads to an alternative representation for the swaption price, as the deterministically discounted expected value of a European payoff,
Furthermore, from the representation,
. and the form of the numeraire in (7), it is evident that S n,M is a martingale under P n,M .
We have seen that, under the appropriate changes of measure, both caplets and swaptions become European options with trivial discounting, on forward and swap rates respectively. This naturally suggests a strategy to develop pricing formulas. The idea is to approximate the dynamics of each of the relevant rates, under the corresponding pricing measure, by dynamics simple enough to lead to formulas for option prices. To carry this out, in the section we develop an option pricing formula for relatively simple scalar jump-diffusion. This formula will then be the tool we use to develop cap and swaption pricing formulas.
A Jump-Diffusion Option Formula
In this section, we digress from our discussion of term structure models to develop our key pricing tool. We consider the pricing of a European option on a scalar jump-diffusion with Poisson jump times and lognormal jump-size factors. This is a process used by Merton [20] to model a stock price, except that we allow the parameters of the model to vary with time. This extension is essential for our intended application. We restrict the time dependence of the coefficients by allowing them to change only at tenor dates, while remaining constant during each accrual period.
This restriction is computationally convenient and consistent with the way interest rate volatilities are calibrated in practice. One could presumably extend the pricing formula below to continuously varying parameters by appropriately replacing the sums with integrals.
Consider, then, the process
with W (t) a standard Brownian motion, γ(t) deterministic and bounded, N a Poisson process with rate λ(t), and Y j ∈ (0, ∞) independent with lognormal density f (·, t) having mean 1 + m(t), and with W , N , and {Y 1 , Y 2 , . . . , } mutually independent. We take the G to be right-continuous and denote by G(t−) the left limit at t. As the marks Y j are positive, the form of the jump term ensures that G(t) also remains positive, given positive G(0) . We parameterize each lognormal density f (·, t) through the mean µ(t) and standard deviation σ(t) of the associated normal density. In particular, m = e µ+σ 2 /2 − 1. By piecewise constant coefficients we mean that
At this point, G has no specific financial meaning; later, we use it to model or approximate a forward rate or a swap rate.
Imposing a piecewise constant parameterization on dynamics (9) leads to closed form European option prices through the Fourier transform approach, succesfully used to price contingent claims by Heston [11] , Duffie, Pan, and Singleton [8] , Carr and Madan [7] , and Scott [24] among others.
The Fourier inversion approach is based on the transform of the logarithm of the asset (G in our case) defined as
In particular, we need the existence, in analytic form, of ψ(z) at z = 1−iu and z = −iu, with u ∈ R and i = √ −1. The choice of a lognormal jump density f is standard in financial modelling and is also computationally convenient. The same method could be used with other choices of f ; Kou [19] uses a double-exponential distribution for log jump sizes. The key point is that the logarithm of G has independent increments and piecewise constant coefficients, so its distribution is given by a convolution and is thus convenient for transform analysis. The pricing formula for a European option maturing at T n , n ≤ M , is as follows:
With G defined as in (9) , the expected value of a European payoff is
with
where
This result is proved in the Appendix. The integrals in (11)- (12) can be computed to very high accuracy in very short time, so the result is essentially a closed-form expression.
In allowing time-varying coefficients, the formula above extends the Merton formula [20] for the price of a European option on a lognormal jump-diffusion. The Merton formula was used by Glasserman and Kou [9] (in a manner analogous to the use of the Black [3] formula in [5] ) to build a jump-diffusion model that prices caplets (or swaptions) exactly by forcing the forward (or swap) rate to be, under its own forward (or swap) measure, a scalar lognormal jump-diffusion with
Poisson distributed jump times and constant coefficients over the life of the rate. In the spirit of Glasserman and Kou we obtain Proposition 3.1 as an exact caplet pricing formula for those model specifications in which the dynamics of a forward rate under its forward measure are exactly of the form (9).
Although we do not pursue this line in this paper, we could also build models, with piecewise constant coefficients, that price swaptions exactly through Proposition 3.1. However, as noted by Glasserman and Kou [9] , and as will become clear later from the dynamics of the rates under different measures, exact prices cannot be achieved for caplets and swaptions within the same model specification, because the law of the jumps cannot be Poisson under both forward and swap measures. A similar problem arises in the pure diffusion case, where it is well-known that there is no model in which the forward and swap rates are simultaneously lognormal.
As explained in the Introduction, we develop caplet formulas through the dynamics of each forward rate under its associated forward measure. Depending on the particular model specification the dynamics are, either exactly or approximately, of the form (9) . Caplets are then priced using the formula in Proposition 3. To approximate a forward rate or swap rate by a process of the form (9), we need to choose the parameters of the approximating process. A substantial part of the paper consists in choosing these parameters. In particular, we will take the density of the jump sizes f in (9) to approximately match the first two moments of the conditional expected jump size of the rate of interest. For later use, we record here that the expected jump size in (9), conditional on being at a jump time τ , is
and the conditional second moment is
Later, we match these expressions to corresponding moments for jumps in forward rates or swap rates in order to select parameters.
4 Jump-Diffusion LIBOR models
Modeling Jumps
Glasserman and Kou [9] characterized the arbitrage-free dynamics of LIBOR market models with jumps. Before entering into the details of their formulation and possible model specifications, we briefly review some tools used to model jumps, most importantly the notions of marked point process (MPP) and associated intensity. For general mathematical background on MPPs see, e.g.,
Brémaud [6] , and for their use in term structure modeling see Björk et al. [2] .
We describe an MPP through a sequence of pairs of times and marks
with the interpretation that the mark X j arrives at τ j . The τ j take values in (0, ∞) and are strictly increasing in j. The marks X j take values in a subset of R D . Let N (t) be the number of points
From an MPP we construct jump processes by choosing a
The function H transforms the mark X j into a jump magnitude, and so different jump processes can be generated from one MPP by different choices of H. The MPP {(τ j , X j )} is assumed to admit an intensity process ν(dx, t) interpreted as the arrival rate of marks in dx, conditional on the history of the MPPs and the Brownian motion W (t) up to t−. More precisely, the intensities have the property that, for all bounded H,
is a martingale in t.
Marked point processes are the source of the jumps in the forward rate models we will consider.
The evolution of the rate maturing at T k takes the general form
for W a d-dimensional Brownian motion, and deterministic functions
The jump term is driven by r MPPs, with
Most relevant for practical applications is the case of models driven by MPPs with a "Markov-
for some deterministic λ. In other words, the intensity depends on the history of the process only through the current state L. Models considered in this work will be Markovian, and we will further assume the existence of a mark density conditional on the current state. In this case, the intensity can be written as
λ(dx, L(t−), t) = λ(x, L(t−), t)dx.
Observe that integrating over all possible marks we get the total jump arrival rate at t condi-
Also, the conditional probability density of the mark, given a jump time τ and
A subclass within the class of Markovian MPPs with mark density are processes for which the intensity is independent of L(t−). The intensity can then be written as
with f (·, t) a probability density on R D . Thus, the arrival times follow a Poisson process with deterministic intensity λ 0 (t), and the marks are independent and distributed with density f (·, t) at time t. Process (9) belongs to this subclass.
Dynamics
With the tools of the previous section, we present now a simplified version of Theorem 3.1 in [9] .
This is a characterization of the arbitrage-free dynamics of simple forward rates under the spot martingale measure P . (This is a minor modification of the usual risk-neutral measure, but based on a discretely compounded rather than continuously compounded numeraire.)
The building blocks are a d-dimensional Brownian motion W P (t) and r marked point processes
is arbitrage-free if α n (t) is given by
We have implicitly taken W P (t) to be a column vector, γ k (t) a row vector and γ k (t) its transpose.
Observe that the first term in (17) is the familiar drift restriction for purely diffusive LIBOR market models; the second term is the additional restriction imposed by jumps.
As mentioned in Section 2, the pricing of the nth caplet is simplified if we take B n+1 as numeraire. We will use this fact to develop caplet approximations, so we discuss now the dynamics of
Under this measure, L n becomes a martingale and therefore the drift is determined by the characteristics of the jump process. A consequence of the Girsanov theorem generalized to processes with jumps (as in Björk, Kabanov, and Runggaldier [2] ) changing from the spot measure P to the forward measure P n+1 tranforms the intensity of an MPP. For the class of models in Glasserman and Kou [9] , the intensities ν
P for the ith MPP under the forward and spot measures are related as in the following result (proved in the Appendix):
LEMMA 4.1 Under P n+1 , the intensity of the ith marked point process is given by
As with caplets, there is also a privileged measure for the pricing of swaptions, which we will use to develop swaption approximations. Under the swap measure P n,M the swap rate becomes a martingale, so identification of the jump part of the dynamics determines the drift. The change of intensity associated to the change from the spot measure P to the swap measure P n,M is given by
LEMMA 4.2 Under P n,M , the intensity of the ith marked point process is given by
with b j (t) as in (5) .
From these two lemmas we see that the changes of measure considered do not preserve the Poisson property because the new intensity is derived from the original intensity through multiplication by a stochastic factor. These changes of measure do, however, preserve the Markovian feature because the stochastic factor is a function only of the current levels of the L k s.
Two model specifications
The class of models defined by (15)- (17) is very wide. Practical implementation of a pricing model requires the specification of the diffusion volatility and characteristics of the jump process. In particular, we have seen that while it is desirable for pricing purposes to have Poisson jumps, this feature is restricted by the state dependent intensities introduced when changing measures.
Therefore, a key point in the specification of a model is determining what rate will have Poisson jumps under which measure. We focus our investigation on two different specifications of the model (15)- (17), each motivated by its own computational and modeling advantages.
The first specification we consider postulates a Poisson process for the jump times of the rates under the spot martingale measure and independent marks to generate the actual jump magnitudes.
We refer to this as the spot Poisson (SP) specification. In this case, Monte Carlo methods are straightforward to implement because Poisson jumps are easy to simulate, and this is useful for the pricing of exotic options. However, as pointed out in Glasserman and Kou [9] , and as is apparent in Lemma 4.1, the jumps in each rate under its own forward measure cease to be Poisson, as the distribution of the jump times and marks becomes state dependent; this complicates caplet pricing.
A similar complication arises under the swap measure, and the jumps in the swap rate cease to be Poisson. We develop caplet and swaption formulas for this model specification approximating the forward and swap rate, under the forward and swap measures respectively, with processes of the form (9). Proposition 3.1 then gives the prices.
Our second specification was developed in Glasserman and Kou [9] and further investigated in Glasserman and Merener [10] . The idea is to choose the diffusion volatilities and jump law in (15)- (17) in a way that leads to exact closed formulas for caplet prices. This is achieved by forcing each rate to evolve exactly as in (9) under its own forward measure. We refer to this as the forward Poisson (FP) specification. In this case, there is no common measure under which all rates follow a Poisson process because the changes of measure introduce state dependent jump arrival rates.
For instance, it is clear from Lemma 4.1 that the jumps of the rates under the spot martingale measure are not Poisson as both the arrival rate of the jumps, and the density from which the jump magnitudes are sampled, are state dependent. This is consequential because pricing of exotic deals must be done in general by simulation methods, typically involving the evolution of the whole term structure under a common measure. This task is complicated by the non-Poisson nature of the jumps. The issue is discussed in detail in Glasserman and Merener [10] , where thinning algorithms for path discretization methods are proposed and tested in realistic settings and efficient simulation of the model is explored.
By construction, the FP specification prices caplets exactly. We address the pricing of swaptions, for which we derive a formula through the introduction of an approximate swap rate process of the form (9) and subsequent application of Proposition 3.1.
Spot Poisson (SP) Specification

Dynamics
We formulate in this section a lognormal jump-diffusion LIBOR model in which the law of the jump times, under the spot martingale measure, is Poisson. At a jump time, a vector mark
+ is sampled. This mark has independent components, each generated from a standard lognormal distribution (meaning that the logarithm of each component of X has a standard normal distribution). The map that translates x ∈ R D + into the actual jump magnitude is
with β and σ deterministic and nonnegative, a choice that we will discuss after introducing the dynamics of the rates. This specification is a special case of (15)- (17) with just one marked point process so r = 1 in (15). Furthermore, this point process is Poisson. To summarize, the dynamics of the rates under the spot measure are
and α n (t) equal to
where γ n is deterministic, H n is as in (18) and
with λ(t) a bounded deterministic arrival rate and f (·, t) multivariate lognormal on R D . The marks X j , j = 1, 2 . . . are independent and W P , N, X j are mutually independent.
For the purposes of later applying Proposition 3.1, we will take γ, λ, β and σ to be constant between tenor dates, though writing in what follows a general dependance on t to avoid additional indices. From a practical point of view and calibration considerations, a piecewise constant specification is sufficiently general.
The form of H k in (18) is motivated by noticing that the jump in the logarithm of the nth rate
and therefore, conditional on τ , distributed as a multivariate normal because log(X (1) ), . . . , log(X (D) ) are independent, normally distributed (X (j) is the jth component of the vector X). Different choices of β and σ generate different correlations between the jump magnitudes of the rates. This is analogous to the role of γ in determining the correlations introduced through the diffusion term in a multifactor model.
Simulation
Contingent claim pricing by Monte Carlo simulation entails the generation of sample paths of the model presented above. As discussed in Glasserman and Merener [10] , in order to minimize biases, it is often convenient to take the logarithm of the rates as the variables to solve numerically. We have implemented a first order scheme for the logarithm of the rates on a discretization grid that includes all jump times of the Poisson process, which may be computed in advance (independently for each path) as their law is independent of the state of the system. Glasserman and Merener [10] and Mikulevicius and Platen [21] discuss path discretization methods for stochastic differential equations with jumps, and Kloeden and Platen [18] give an extensive treatment of discretization methods for pure diffusions. Notice that the drift term in (19) includes an integral in the mark space. This integral is recomputed at every time step of the time discretization grid, based on the state of the discretized solution at the time. We have implemented Monte Carlo simulation for a model specification in which the mark is sampled from R + , that is, taking D = 1. We computed numerically the integral in the mark space with a grid uniformly spaced up to a sufficiently large cutoff. Recomputing this integral at every point of the time grid, which includes all jump times, is probably unnecessary when jumps happen often. Some of the methods in Kloeden and Platen [18] may be useful in reducing this computational overhead.
A Caplet Formula
In this section we derive a simple approximation for the price of a caplet associated with the rate L n . It is clear from (4) that it is convenient to start from the dynamics of L n under the forward measure P n+1 . Changing numeraire leaves the diffusion volatility unchanged. Furthermore, the martingale feature of L n under P n+1 dictates the drift term once the intensity of the jump process under the forward measure is identified. The dynamics of L n under P n+1 are
with γ n ∈ R d deterministic, H n as in (18) and where the arrival rates of the jumps under P n+1 is given by Lemma 4.1,
The dynamics (22)- (23) do not lead to exact closed caplet prices because the law of the jumps ν P n+1 (dx, t) depends on the path of L. We derive a pricing formula by introducing a martingale processL of the form (9) that approximates L n under P n+1 in a distribution sense. We consider
whereγ is deterministic, W is a standard (scalar) Brownian motion,N is a Poisson process with arrival rateλ(t) and marks sampled from the lognormal densityf (·, t) with parametersσ(t),μ(t).
W,N , andŶ j , j = 1, 2, . . . are independent, withγ,λ,σ, andμ to be determined. The initial
We specify the coefficients of the approximate process in terms of those in the dynamics of L as follows. First, we takeγ
a natural choice, leading to exact prices in the absence of jumps.
Next, we look at the jump term. We will determine the jump law ofL in two steps. First, we will defineλ, the total jump arrival rate ofL, as an approximation of the total arrival rate of L n under P n+1 . Second, we will identifyf , the conditional jump probability density ofL, by approximately matching it with the conditional jump probability density of L n .
For the total arrival rate, one would like to defineλ as the total jump arrival rate of L n under P n+1 , which at each time t is given by the integral over dx of (23) . Unfortunately, this is not a deterministic process because it depends on L. We introduce then an approximation that will become standard throughout the rest of the paper, by fixing the rates at time zero. Under this approximation, and writing ν P n+1 explicitly as in (23) we definê
Notice that the explicit time dependence of the coefficients β, σ, λ is preserved.
Last, we identify the parameters of the jump size probability densityf by approximately matching its first two moments with those of the conditional probability density of the jumps of L n . From our discussion about intensities in Section 4, and dynamics (22), we know that the conditional distribution of marks of L n , at a jump time τ , is
which can be approximated as ν P n+1 (dx, τ −)/λ(τ −). Therefore, the conditional expectation of the jump size is
This motivates fixing the rates at time zero in the last integral above and, writing H n and ν P n+1 explicitly, defining
The conditional expectation of the jump size ofL at jump time s (under the measure associated toL) follows from (13) becauseL is of the form (9),
This suggests matching (27) andm, to define the latter in terms of the parameters of the original
We proceed in identical way for the second moment of the conditional jump probability. We
which motivates defining I 2 as,
and matching it to the integral in the right side of
Using (14) we get
Further algebra involving (28) gives, σ = [log(
To summarize, the dynamics ofL are given by (24) , (25), (26), and (29), and the caplet is priced using Proposition 3.1 applied toL. The integrals in (26) and (29) are computed numerically.
A Swaption Formula
The derivation of a swaption formula for model (18)- (21) follows along the lines of last section. We recall that, by using M j=n δB j (t) as numeraire, the complex swaption payoff is transformed into a simple European payoff on the swap rate with a deterministic discount factor. Furthermore, the swap rate is a martingale under this measure. As in the caplet case, we will obtain a swaption formula through Proposition 3.1, by approximating the swap rate S n,M dynamics under the associated swap measure P n,M with a processŜ defined as
with W a (scalar) standard Brownian motion,γ(t) deterministic,N (t) a Poisson process with intensityλ(t) and Y j distributed asf (·, t), lognormal with parametersσ(t),μ(t), and W,N, and
As the dynamics of the swap rate are determined by the forward rates (5), we begin by considering the dynamics of the forward rates under the swap measure
and where the arrival rates of the jumps under P n,M is given by Lemma 4.2
We have omitted the drift term in (31) because we will forceŜ to be a martingale by construction so the drift of the forward rates is irrelevant for our purposes. Notice, however, that the forward rates are not martingales under the swap measure. We will approximate the swap rate as a linear combination of simple forward rates by fixing at time zero the weights b j (t) in (5). We write b j for b j (0) and we have
and apply Ito's formula on the right side of the last equation to investigate how to approximate the dynamics of the swap rate. The diffusion term is
This diffusion term is to be approximated by the diffusion term in (30),Ŝ(t)γ(t)dW , withγ ∈ R and quadratic variationγ 2Ŝ (t) 2 dt. Fixing the rates at time zero and matching quadratic variations as in [13] , we defineγ
where we have used thatŜ(0) = S n,M (0). This would hold exactly (under the assumption of constant weights) if all forward rates had the same volatility.
Next we focus on the jump contribution. As we did in the caplet formula of Section 5.3, we will (approximately) match the total jump arrival rates and the conditional jump probability densities of S and the process M j=n b j L j (t). Notice that while the forward rates that contribute to a swap rate can potentially jump with different magnitudes, they all jump at the same times as they are driven by the same marked point process. Therefore, the total arrival rate of the jumps of
As in the caplet case, this is dependent on the path of L so we fix the rates L and weights b at time zero to definê
with H k (x, t) as in (18) .
Last, we identifyf in (31) by approximately matching its first two moments with those of the jump size of the swap rate, conditional on being at a jump time. As in Section 5.3, the conditional jump probability density is ν P n,M (dx, t)
Therefore, a jump time τ of S n,M we have
which motivates fixing the rates and weights at time zero on the right side above, writing ν P n,M explicitly and defining
ForŜ, which is of the form (9), we use (13) and write
E[Ŝ(s) −Ŝ(s−)|s,Ŝ(s−)] =Ŝ(s−)
which suggests matching (35) and the rightmost expression in (36) withŜ fixed at time 0 to definê m asm
We proceed in the same way for the second moment. Define
and match it to the right side of
withŜ(s−) replaced byŜ(0). Using (14) again we get
Further algebra gives,
withm as in (37).
To summarize, the dynamics ofŜ are given by (30), (33), (34), and (38) and the swaption is priced by applying Proposition 3.1 toŜ.
Numerical Results
We are now ready to test the caplet and swaption formulas developed in the previous section and compare the prices they give to prices obtained by Monte Carlo simulation. For simplicity, we take a one factor diffusion, and jump marks sampled from a standard lognormal so D = 1 in (18) .
Recall that the parameters of the model are piecewise constant, i.e. remain constant between tenor dates. We denote this explicitly, with γ k (T j ) being the diffusion volatility of the kth rate across the accrual period ending at T j , and same convention for the rest of the parameters. Using expressions for the moments of a lognormal density and the fact that the jumps are Poisson, we compute the total instantaneous volatility of rate k in the jth accrual period under the spot martingale measure,
The first parameter set we consider is this:
Parameter set A: The initial term structure is flat, L k (0) = 0.06, ∀k, δ = 0.5 and the parameters are, for all j and k,
As times evolves (j increases), jumps happen less often but are larger in size. For some sense on the size of the typical forward rate jump we compute the standard deviation of X σ k (T j ) (as we are taking β = 1) for X sampled from a lognormal density associated to a standard normal. This is approximately 0.1, so a typical forward rate jump size is 10% of the value of the rate. The total instantaneous volatility, for all rates during the first accrual period, is approximately 0.245. The squared diffusion volatility is 0.01, the jump squared volatility is 0.06 so that most of the rate volatility is due to jumps. Also, as the parameters of the jump magnitudes do not depend on the rate index k, all rates jump with the same percentage magnitude. 
In this specification, rates jump more often as time evolves (j increasing). Also, we have taken a stationary specification for the conditional distribution of marks at jump times, by making σ (and β, trivially) dependent on time to maturity k − j. Rates closer to maturity jump with wider amplitude than rates far from maturity. The total volatility of the rate that matures next, as seen from time zero, is 0.45. This would correspond in practice to a very high volatility period.
We compare our option price formulas against simulation results. The simulation uses a grid with time step 0.5, which coincides with the tenor dates; but since the grid also includes all jump times, the effective time step is actually much smaller. Monte Carlo simulation is subject to some error due to model discretization. As a simple check, we have compared bond prices estimated from simulation with bonds calculated from the initial forward rates. The error in the simulated bond prices is sufficiently small to be ignored, which suggests that we may safely compare our approximations against option prices computed through simulation.
Results for caplets are presented in Tables 1 and 2 , results for swaptions are presented in Tables   3 and 4 . The differences between approximate caplet prices and simulated caplet prices are less than the half-widths of the rather tight 95% confidence intervals for the simulation results, except perhaps for the in-the-money, 2-year caplet of parameter set B. For all other caplets, the relative pricing error, defined as the difference between approximate and exact price divided by the exact price, is smaller than the half-widths of the 95% confidence intervals divided by the exact price, therefore relative errors are less than 0.5%.
The absolute swaption errors in parameter set A are all smaller than the half-widths of the 95% confidence intervals, which implies relative errors smaller than 0.7%. Therefore the swaption pricing problem, when all rates are driven by the same MPP and have the same percentage jump (as σ does not depend on k in this case), is solved satisfactorily. In parameter set B present, the accuracy of the pricing formulas continues to be excellent for 3 × 3 and 5 × 5 swaptions. While the relative pricing errors is larger for options out of the money, the relative error is not more than 1% in all cases. The approximate formula is a bit less accurate for 3 × 7 options. Comparison between 5 × 5 and 3 × 7 swaptions suggests that increasing swap length has more impact on the quality of the approximation than longer maturity. Relative pricing error in the 3 × 7 case is largest for the out-of-the-money swaption, but even the worst case error is less than 2% of the option price and thus less than typical bid-ask spreads.
Causes of the comparatively larger errors in set B with respect to set A could be the large volatility of parameter set B and also the fact that in specification A all rates jump with the same percentage jump so that
As σ does not depend on k, the percentage jump of M k=n b k L k is also lognormal, consistent with the approximate processŜ that has lognormal jumps by construction. This is not the case in specification B, in which the percentage jump size depends on the forward rate and 
Forward Poisson (FP) Specification
Dynamics
We turn now to a specification of the model (15)- (17) in which each forward rate has Poisson jumps under its associated forward measure. We will take the coeffficients of the model to be constant between tenor dates, though we continue writing a general dependance on t to avoid additional indices.
We model the evolution of M rates using M marked point processes with marks in (0, ∞) and spot intensities ν
. , M, and a d−dimensional Brownian motion W (t)
. At time t, the nth forward rate L n is affected by the ith MPP for i = n + 1 − η(t), n + 2 − η(t), . . . , M. The impact of the jumps of the marked point processes on the forward rates is stationary because of the dependence on time to maturity n − η(t). With this choice, the rate that will mature next, L η(t) , is sensitive to all M marked point processes, and if some rate L k jumps then all rates maturing earlier than T k also jump. The function H ni transforms the abstract marks of the i-th marked point process into jump magnitudes of the n-th rate; with a view towards (9), we choose these to be
As shown in Proposition 3.1 of Glasserman and Kou [9] , (9) holds simultaneously for all forward rates under their respective forward measures if the intensities of the marked point processes under the spot martingale measure ν
for λ n (t) deterministic and bounded. We take f n (·, t) to be lognormal with ∞ 0 yf n (y, t) dy = 1 + m n (t). Finally, we choose a lognormal specification of the diffusion volatility. The dynamics of L n under its own forward measure P n+1 are
with γ n deterministic, N n (t) a Poisson process with arival rate λ n (t), the marks Y (n) j , j = 1, 2, . . ., with density f n (·, t) and W P n+1 , N, and Y (n) j , j = 1, 2, . . . independent. The jump processes driving each the rates are defined by (39) and (40). Imposing these on the general model (15)- (17) leads to the dynamics of this specification under the spot martingale measure, given explicitly in Glasserman and Merener [10] . As discussed in [10] , it is convenient to visualize the process in the following way: under the spot martingale measure the rate closest to maturity L η(t) is driven by a jump process with total intensity
and if L η(t)+j jumps then L η(t)+j+1 jumps with probability
Notice that, although different forward rates accept a given mark y with different state dependent probabilities, all rates that jump, at a jump time, do it with the same mark y.
For the probabilities defined in (42) to be less than or equal than one, i.e. for the intensities ν
to be nonnegative, some restrictions apply on the parameters of the lognormal densities f and the functions λ(t). In particular,
These restrictions are discussed in detail in Glasserman and Kou [9] and Glasserman and Merener [10] . It suffices to state here that the numerical experiments in this paper are perfomed on parameter specifications that satisfy these restrictions.
Caplet Pricing
The dynamics of each forward rate under its own forward measure is, by construction, of the form (9) with piecewise constant coefficients, as shown in Proposition 3.1 of Glasserman and Kou [9] .
Therefore, in this specification, caplet prices are computed exactly through Proposition 3.1.
A Swaption Formula
In this section we develop a formula for the price of a swaption in the FP specification. We will take advantage again of the powerful algorithm introduced in Proposition 3.1. To apply this, we need to identify a martingale processŜ of the form (9) that approximates, in a distribution sense, the dynamics of S n,M under P n,M . We will achieve this in two steps. First, we will introduce a processL that approximates the dynamics of the forward rates under P n,M , as the exact dynamics of L under P n,M are very complicated. Second, we will derive the dynamics ofŜ, based on the dynamics ofL.
ForL we will a postulate a process in which eachL k (only k = n, . . . , M are relevant to the swap) evolves exactly as L k does under P k+1 . In other words, we will approximate the dynamics of each forward rate under P n,M with the dynamics under its own forward measure. This is clearly a crude approximation. A way to motivate this choice is as follows. We look at the change of intensity arising when changing from the forward measure P k+1 (the one under which L k has Poisson jumps) to the swap measure P n,M . The Radon-Nikodym derivative that relates the measures is proportional to the ratio
If this ratio remains constant in time, then the intensities are unaffected by the change of measure because of Girsanov's theorem (Theorem 3.12 in [2] ). This is trivially true for n = M . But we also expect this ratio to remain approximately constant for n M − n + 1, because bonds in the numerator and denominator mature close to each other, and therefore tend to fluctuate together.
Intuitively, the dynamics ofL should be a good approximation to the dynamics of L under P n,M when M − n + 1, the swap length, is much smaller than the maturity date n.
In addition to specifying the marginal law of eachL k , we need to specify the dependence among their jumps. For this we devise a mechanism that approximates the FP construction in (42).
We specify a Poisson process N n of jumps inL n (the first rate relevant to the swap); eachL j , j = n + 1, . . . , M, then accepts or rejects a jump conditional on a jump inL j−1 . More explicitly,
with W a d-dimensional Brownian motion, N n a Poisson process with rate λ n (t), andL j (0) = L j (0).
is lognormally distributed as f n (·, t) and, for j = n + 1, . . . , M,
This jump distribution is an approximation to the exact specification in (42). All rates evolve simultaneously under P n,M with joint Poisson dynamics. Notice from (45) that the probability thatL j jumps with mark y given thatL n jumps with mark y is
which is well-defined because of the restrictions on f and λ discussed at the beginning of this section. Since the jumps ofL n arrive with intensity λ n (t)f n (y, t) it follows that the effective jump process drivingL j has intensity λ j (t)f j (y, t). Therefore in this approximate process each rate evolves exactly as it would under its own forward measure. The dependence in the jumps of thê L j s approximates the dependence in the jumps of the L j s.
Our next goal is to approximate the dynamics of the swap rate under the P n,M measure by a processŜ following
fix the rates at time zero, and use thatŜ(0) =
Finally, using thatm(t) = e (μ(t)+(σ(t)) 2 )/2) − 1 we get
wherem is given by (52). The evolution ofŜ is given then by (47) with (49), (50), (56) and (57).
The swaption price is then computed using Proposition 3.1 on the rateŜ.
Numerical Results
We investigate now the accuracy of the swaption formula introduced in the previous section. Results are then compared to swaption prices obtained using (6) , where the expected discounted payoff is computed via Monte Carlo simulation of the term structure under the spot martingale measure.
We generate the sample paths of the term structure using a first order discretization scheme on the logarithm of the forward rates as implemented and discussed in Glasserman and Merener [10] . With the accrual period fixed at δ = 0.5, taking the time step to be less than 0.1 ensures (empirically) that the bias in the simulated price is less that 0.1% of the exact price. Simulated swaption prices are then very good approximation to the exact price and provide a benchmark for testing the approximate method of Section 6.3.
For simplicity, we perform numerical tests driven by a one factor diffusion and M marked point processes, although the method can handle multidimensional diffusions. The parameters are held constant between tenor dates. Moreover, we make the model stationary in the sense that the parameters of the kth rate depend on the number of accrual periods to maturity, k − η(t). As before, γ k (T j ) denotes the diffusive volatility of L k during the accrual period ending at T j . A consequence of this stationary specification is that all rates follow, under their respective forward measures and for a fixed distance to their own maturities, the same stochastic differential equation.
The initial term structure is increasing, L k (0) = log(1.051271+0.0011178 * k) and the accrual period is δ = 0.5. The choice of parameters we present next are close to those of model specification SP but not identical as we need to satisfy restriction (43). The parameters are as follows.
Parameter Set A: For all j, k, Table 5 : Approximate vs. simulated swaption prices, FP specification, parameter set A.
The total instantaneous volatility of the rate next to mature (k = j) is approximately 0.245, the diffusion square volatility is 0.01 and the jump squared volatility is 0.06 so most of the volatility of the maturing rate is due to jumps. The jump volatility decreases as rates are more distant from maturity.
Parameter Set B:
For all j, k,
The total instantaneous volatility of the rate next to mature is approximately 0.46, the diffusion square volatility is 0.01 and the jump square volatility is 0.2 therefore almost all the volatility of the rate next to mature is due to jumps. As in parameter set A, jump volatility decreases as rates are more distant from maturity.
Swaption prices for parameters A and B are presented in Tables 5 and 6 . Pricing formulas are competitive for practical applications. For 3 × 3 and 5 × 5 swaptions, the differences between simulated and approximate prices are not more than 1% of the exact price. This is also the case for 3 × 7 options in the parameter set A, and in the 3 × 7 options in B the relative error does not exceed 1.2%.
Summary
We conclude by summarizing the characteristics of the model specifications and pricing formulas we have presented. Table 6 : Approximate vs. simulated swaption prices, FP specification, parameter set B.
SP specfication:
All forward rates have Poisson jumps under a common measure, the spot martingale measure.
Caplet prices are approximated using Proposition 3.1 and (24) with (25), (26), and (29).
Swaption prices are approximated using Proposition 3.1 and (30) with (33), (34), and (38).
FP specfication:
Each forward rate has Poisson jumps under its own forward measure.
Caplets are priced exactly using Proposition 3.1 and (41).
Swaption prices are approximated using Proposition 3.1 and (47) with (49), (50), (56) and (57).
8 Appendix.
Proof of Proposition 3.1.
The transform of X(t) ≡ log(G(t)) at t = T n is
with G(t) evolving as in (9) . Then, the expected payoff of a European option maturing at T n with strike K, i.e., C(0) = E [(G(T n ) − K) + ], can be written as in Heston [11] ,
Im(ψ(−iu) e iu(log(K/G(0))) ) u du.
All that remains is the calculation of ψ in (58). Application of Ito's rule and (9) (with piecewise constant coefficients) yields the dynamics of X(t), (where the index in the coefficients denotes the The transform of a Poisson number of normally distributed jumps is easily calculated and is given explicitly in Scott [24] : Proof of Lemma 4.1 is a special case of the proof of Lemma 4.2 as the numeraire associated with P n+1 is proportional to the numeraire associated with P n,n
Proof of Lemma 4.2.
First, some notation. An MPP can be described through a random measure µ(dx, dt) on the product of the mark space and the time axis assigning unit mass to each point (τ j , X j ). This representation makes it possible to write s)µ(dx, ds) . Now the proof. We want to identify the change in intensity associated with changing from the spot measure P to the swap measure P n,M . Define
Z(t) = M (t) B(t) ,
Next we define the swap measure P n,M through the Radon-Nikodym derivative such that dW P = Γdt+dW Q with W Q a Brownian motion under Q, and the intensity of the driving jump process under Q is ν Q (dx, t) = Φ(x, t) ν P (dx, t). As we have r MPPs, we invoke Lemma A.1
in Appendix A of [9] which uses Girsanov's theorem to get the intensity of each MPP,
1 + δL j (t) 1 + δL j (t)(H ji (x, t) + 1)
with b k (t) = B k+1 (t)/M (t). ✷
